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Suppose for n (say, 5000) subjects, data are available on
a dichotomous treatment R, a continuous response Y,
and a high (say 10) dimensional vector of pre-treatment
covariates covariates X with compact support.

We wish to estimate one wishes to estimate the average
treatment effect (ACE) of Ron Y.

ATE =7=FE[Y (1)] - E[Y (0)]
That is we wish to estimate 7 in the simplest MSM

MSM :Yy, =0 +T1a

We assume no unmeasured confounding (ignorability given
X).

(Y (1),Y (0)) independent of A|X
and

O<pr(A=1|X)=p(X)=P < 1lforall X

Problem: How do we control confounding by the 10 di-
mensional vector X of measured covariates?



Note a weighted average treatment effect w — AT FEis
w (X)

w— ATE = /w (X) ATE (X)
where
ATE (X) = E[Y (1) |X] - E[Y (0)|X]
w (X) a user supplied density for X
ATFE has w = fx

More efficient estimators of parameters with w (X') propo-
tional to var (A|X) = p(X) (1 —p(X)) - Imbens et
al



Simple stratification or matching will not work because

no two subjects are terribly close in 10 dimensional space

and matching does not utilize the smoothness of p (X)
or E[Y|A, X] with potentially large increases in bias and
variance

Common analytic approaches include

(i) fitting by OLS a ‘working' outcome regression (OR)
model for the regression of Y on R and Z

E[Y|A, X]
10 10 10 10

= > m+TA+ > mpXe+ D, D mimX1Xo
k=1 k=1 [=1m=1

possibly including interactions with A. (WITHOUT IN-
TERACTION 7 IS THE ATE)



(ii) subclassification by, matching on, or inverse probabil-
ity of treatment weighting by, an estimate of the propen-
sity score based on a working logistic model for the prob-
ability of treatment given Z

log it pr(A = 1|X)
10 10

=agtayXp+ ), ) aymX1Xo
[=1m=1

Both approaches estimate the treatment effect at the
usual parametric rate of square root n if their respective
working model is correct.



However, the OR approach is biased if the working out-
come regression model is misspecified, while the propen-
sity approaches are biased if the working propensity model
Is misspecified.

A much improved approach is to use a doubly robust esti-
mator that is guaranteed to estimate the treatment effect
at the usual parametric rate if either (but not necessarily
both ) of the two working models are correct.

This can be obtained by fitting the model OR model with
the additon of one critical covariate () where

1
@ Pf

1
=——if A=0
RQ="54

E[Y]|A, X]
10 10 10

= > m+TA+npXp+ D D mumX1Xo + ¢Q
k=1 =1 m=1



This solves the long standing question of whether better
to control for confounding using propensity scores or out-
come regression. That is, use both and compute a DR
estimator.

Often suprisingly little loss of effciiency compared to ML

even if outcome model correct.



However even a doubly robust estimator has the following

problem .

We get square root n rates and valid Cl of radius 1/square
root n if either working model is correct but an inconsis-
tent estimate and invalid confidence intervals that under-
cover if both models are sufficiently wrong.

But models are sure to be wrong.

Further with high dimensional Z, due to lack of power,
we cannot use the data to determine whether even fairly
large working models are sufficiently close to being correct
that confounding is controlled.



Thus it would be a more honest to use confidence inter-
vals that

(i) shrink to zero (with increasing sample size) at much
slower rates than the usual parametric rate of 1/square
root n but

(ii) are much more robust to misspecification of the work-
ing models, in the sense that even if the models are not
quite correct, the now larger confidence intervals still in-
clude the true treatment effect at their nominal coverage
rate.

Such confidence intervals did not exist. But now they do.

These interval estimators are centered on a higher dimen-
sional U-statistic estimator of the ATE .



These U-statistic estimators are derived using a new uni-
fied theory of parametric, semi , and nonparametric sta-
tistics based on higher order scores (i.e., derivatives of
the likelihood), and higher order influence functions that

applies equally to both the square-root-n and non-square-
root n problems,

reproduces the results previously obtained by the modern
theory of non-parametric inference,

produces many new non-root- n results,

and most importantly opens up the ability to perform
optimal non-root n inference in complex high dimensional
models.

Specifically, all longitudinal causal and CAR censored mod-
els in book with van der laan on complex longitudinal
data



I'll will show the estimators later as hard even to explain
the notation in a short time.

How well one can estimate either the propensity score
or the outcome regression depends on the smoothness
(complexity) of the true propensity function and outcome
regression function as a function of X.

On measure of smoothness is the number of partial deriv-
atives if they cannot be too big. More on this later.

Not too big formalized by the diameter of a Holder or
Sobolev ball.



Specifically how well one can estimate either the propen-
sity score or the outcome regression depends depends on
the ratio of the highest degree of derivatives to the dime-
sion of X. Doubly robust estimators work only if both
functions have a ratio of greater than 1/2 (i.e in our ex-
ample more than 5th derivatives that are not too big).

More technically it is not the number of derivatives but
the number of derivatives that are not big. This last
concept measures the wiggliness of a function.

Often one would not believe 5 small derivatives based on
substantive knowledge, determined by showing an expert
wiggly functions and asking which are plausible.

A whole open area: substantively useful measures of com-
plexity. Methodology can take as input any such measure



We need to know the number of derivatives to decide
which higher order U-stat estimator gives a Cl that both

covers at the nominal rate and is as narrow as possible.

Thus an analyst should report a sensitivity analysis map-
ping assumed smoothness to optimal ClI.

Less smoothness, bigger intervals



Do estimation in A = 1 and then in A = 0. So ignore
data on Y (0) and it is a missing outcome problem.

O = (AY, X, A) = (AY (1), X, A)
L=(Y(1),X,A)

X = hitgh dim wvector of always observed cov
A = binary treatment
v =E[Y (1)]
pr(A=1Y (1), X] =pr[A =1]X]

MAR=ignorable=no unmeasured conf



| A
v=E[b(X)]=E _my

b(X)=E[Y|X,A=1]
— E[Y (1)]X, A = 1]
— E[Y (1) |X]

p(X) =pr[A=1|X] = E[A]X]

A
b =E[b(X)]=E [my]



All longitudinal causal and CAR censored models in book

with van der laan on complex longitudinal data



The statistics:

First estimate the marginal density g (X') at optimal rate
__Pg
using kernels,wavelets, or log tensor splinesn 2%9+4, d =

10.

1
If splines use n2%9/4+1 terms. For example if 83 = 1, we
1
use n1.2 = 5000(1/2) = 1209 tensor spline basis func-

tions

and fit

1209
g(X) = Cexp{ > wis) (X)}
=1

Next define

Z(X) = ¢y (X) /g (X)Y/?



where {¢; (x),1,2,...} is d— fold tensor product of ON
basis for Ly (1) in R so is ON basis for Lo (1) in RY.

ON basis for Ly (1) in R! could be Fourier, orthogonal
polynomial, spline or compact wavelet basis with appro-
priate no. of vanishing moments

{/Z\l:z}(x),lzl,z,...}

is ON basis for Lo (§) in R%



Fit by OLS model
ElY[A=1,X]=b(X) =

=0 Zu
to obtain b (X) = ﬁf?M

and by logistic regression

log it pr (A =1|X)
= log it p (X)
= OélTiM

Assuming, for simplicity b(X) and p (X)) both have 3 —
derivatives,

1
M = n2B/d+1



Compute @DRppt:n_l ?Zlg(Xi) where b () is the
predicted value from the fit

ElY[A=1,X]=b(X) =

=0 Zn + ¢

p(X)



Y2 =YpDRopt T LF22

[Fap =[n(n—1)]"">h2(0s0; )
7]

2 2 45/d _ 269/d
— max n1+45/d,n 2B/d+1  2Bg/d+1



If 8 =1,8 =1,
k

= <5ooo<1+2-4> , 5000(21‘%1'-22))

— max (192, 420, 353, 550)
— 353,550

Suprisingly 152 is AN with variance that can easily be
consistently estimated so standard wald intervals based
on

B +1.96 [var ()]

Results depend on smoothness 84 of g because k > n =
5000, so beyond the empirical.

lll-posed problem. Depends on reality that is not fully
empirically verifiable.

Ritove -Bickel and Laurie-Davies: Ignore ill posed prob-
lems



Response: Causal inference because of confounding is an
illposed problem



Zle le-le is a Dirac kernel

k
EACOE (Xj) h (Xj> | X
=1

k
= [ Y axz (X) (X)) g (X;) dX;
=1
— h (Xz) as k — oo

E

[ r(X5) K (X3 X5) dX; = h (X))
K (X, X;) =6 (X; — X;)

o) (X,L- — Xj) not in Lo— generalized function.



. Os)
hs (04, 0;
IF33 N B
) —152+ o
Y3 = o
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h3 " |
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Randomized Trial with Non compliance: 5000 sub-
jects

Data

O=(R,AX,Y) =

X = d = 10 dim wvector of cont cov
R = rand mization estimator
A = binary treatment

Y = cont response

pr[R =1| X]| known

assumptions
1.If R = 0 then A = 0 so no defiers or always takers.

2.Exclusion Restriction: Y (R=7r,A=a) =Y (A = a)
forr =0,1and a =0,1.



Treatment Effect in the Treated (Compliers)

Y (X)
—E[Y(1)=Y (0)|X,A=1R=1]
— E[Y (1) -Y (0)|X,A=1]

Goal Estimate and Confidence Interval for

dopt(X) =1 (¢ (X) >0)

dopt () says treat if and only if mean Y (1) exceeds
mean Y (0) in subjects with X = =.



Comments:

dopt (X') may not be of interest after the trial as treated
will change if heterogenity in treatment effect

Terribly ambitious. Looking for qualitative interaction at
each level x of X. Crazy without confidence intervals.

Richard Peto admonitions.

Equally of interest in RCT with no noncompliance

If only interest qualitative interaction could look at ITT
parameter

Yirr(X)=E[Y|R=1X]-E[Y|R =0, X]

Not possible if we redefine

dopt (X) =1 (¢ (X) > 5)

Don't give treatment unless large clinical effect.



Task 1: Construct Adaptive Estimate {p\adap (X)of ¢ (X).

AN

dopt,adap (X) =1 <7v/b\ada,p (X) > O) .

Step 1: Consider 20,000 models 5 = 1, ..., 20,000

Y (L) =, (X; 77j> with the dimension of 7; from 1 to 4000 sz

as well as many different functional forms

Let 7); solve

4000
> Y — Ay (Xiimg) } (A; — By) 0wy (Xiimg) /0
i=1

based on 4000 random observations.

d; (X) =1 |v; (X3 7;) > 0)]



With remainng 1000 observations choose among the 7);
by cross validation.

./jopt is the 5 satisfying

1000 R
arg max{ S YI(A=d;(X))/f (A|X)}

J i=1
fAIL) = p(X)* (1 —p(x))4

that has the greatest expected outcome.

Then

Jop
dopt,ada,p (X) =1 (wadap (X) > O)

Yadap (X) =05 (X, )



Task 2: Construct Adaptive 95% Confidence Interval for
1 (X)) centered on {D\adap (X).

Need to assume ¥ (X) has 8 derivatives and g (X) has
Bg derivatives

so again will require map from smoothness assumptions
to Cl.

M in the following will depend on (3

k in the following will depend on 3, 34



Again define

8(X) = a1 (X) /3 (X)V?
where {¢; (x),1,2,...} is d— fold tensor product of ON
basis for Ly (1) in R so is ON basis for Lo (1) in RY.

Let
N ~T ~
wadap,Ak (X) — eadap,kzk (X)
gadap,k — E [ 1v/b\adap (X) %k (X)]
= [ Padap (X) 2 (X) 3 (X) dX
P (X) = 0p 2, (X)

O = E | ¢ (X) %, (X)]
where

2 2 4B/d . 2Bg/d
k — max n1—|—45/d7n 2B/d+1  2Bg/d+1

If 8 =084 =1,

k = max (192, 420, 353,550)
— 353,550



C;, (.95)

= {@ : (Eadap,k — gk)T <5adap,k — 5k) < Qz}

Cy (.95)

= {1 B [{# () = Budaps (O} | < @2

Cy,, (-95)

={d():d(X)=T(¥(X)>0),¥(X) € Cy(.95)}

What is Q27?



Let v (X) = p(X) {1 —p (X)}

Let 63 5 solve

5000
0= {¥i— Aizn (X) 0500} (A; — P) 2 (X) 0 (X) 7Y
1=1

1
where M = n?26/d+1,

1 .
If 8 =1, we use n12 = 5000(1/2) = 1209 tensor basis

functions

05,1, = (55,% 0)

~ =T
Y (X) =0,z (X)



Let

Ry, <§adap,k)

n . T ~
— Z 2 ( adap,k Qk) %k: (Xz) {YZL - Az'%k: (X)ng} X
(Ai — P)v(X;) !
=~ ~T\T
- <9adap,k - 6[6) X
(B (X0) Ai (A = P) v (X)) 2 (X0)T — Ty} X
2 (%) {v5— Az (%) 0 | x
(45— P) o (x5) " 2 (x;)

J
, _ L 1/2
Q° = Ry (‘gadap,k) T Za {’UCLT [Rk’ (eadap,k>] }



Then



EB .

= Cﬁugfg

= O | max

{F (X)) = F (X)) +4{p(X:) — p(Xi)}]

X {b (X;)—b (Xi)} {p(X;) —p(X;)}

n

—20F  _op:

_25; —255

© 2B8%+d ¥
Bf+ 7 n2PpTd

W hen (Bf; —|—B;) /d < 1/2
Then k =n =
TB? = n_2(5g+ﬁg)/d >n"1 = var {IFQ (5)

soneed k >n

C'I does not shrink at n—

* *
n25p+d n2Bb +d

1/2

Price of valid intervals



When (B;; —I—B;) Jd > 1/2
then = k < n and we get first order effic
provided 5;3 > 5;

since then EB? < n 1

Otherwise we may need k > n and C'I does not shrink at n~1

This is unlike [ f(Z)? where IF» is always efficient if
(26) /d > 1/2

We will see that we are efficient for some I F;, whatever
be [3;2 > 0 whenever (5{; + B;) /d>1/2.

However when (61’; +5;) /d < 1/2, the (conjectured)
optimal rate of convergence depends on B;i

whenever 6} > By



IF5» (QA) is AN ( when properly standardized).

When k > n, standard martingale CLTs fail. Need to
argue in an new way, by proving conditional AN given
knowing which subjects had their X in the support of
various compact wavelengths. Aad van der vaart proving
this will work with any basis , splines Fourier even not
local. That is subtle.

AN

Indeed all I Fy m (9) are AN



Consistent variance estimator is the empirical:

Under law 0, all n (n — 1)

are mean zero and uncorrelated (even with hy (Oﬂ, Oi; 9))
and also uncorrelated with

e A - - _
n 1;}3(&) (Y1 —b(Xy)) +b(X;) — v ()




So under 6, unbiased estimate of variance is

_ A; - - K
n=2y" {ﬁ(Xz-) (Y1 —b(Xy)) +b(X;) — (9)}

+In(n—1]2Y {h (0,,04:6)}°

7]

Properly standardized it is consistent for variance under
0 and thus 6

since 0 —p 0



Problem with our intervals so far.
We equalized rates of variance and bias as to rate

So we have a problem with constants since we need bias
shrinking to O for no asym bias and correct coverage

Natural solution: choose k as above multiplied by n¢ or
In (n). Good math solution but in actual data analysis

not a

solution to get correct finite sample coverage.

Honest solution is as follows. If A (X) is a regression
function or density in Holder (3, c) in principle we can
find an estimator k (X) that satisifies for every sample
sizen > N



sup  sup B ||| (X) = h(X)| | < cap (85N, 7,

Fe,X]:e,X hEH(B,C)

Now by Holder with p = 3

1S (X0) = F (X))} > H
{b(X3) = b(X)} {p(X3) — p(X:)}
< Bl -7, | 2 b -bex)

% B [|lp (X;) = B (X))

)

which can be bounded as as above with N* = n. Also
we can bound cg g and cppg. This will allow us to bound

by some Qn,
T+B <TB+ EB

and we use

D + {@ 1 (6)] 2 + Qn} -



Now coverage is guaranteed



Model:

Average of 100 *x 1.645xempirical s.d.

Ch Unconditional Conditional

k=1|k=2 k=3 |k=1|k=2|k=3

6 | 094 | 295 | 543 | 094 | 297 | 5.63
3 | 943 | 295 | 544 | 094 | 296 | 5.61
9 | 094 | 295 | 544 | 094 | 296 | 5.62
10| 094 | 295 | 544 | 094 | 297 | 5.62

121 094 | 295 | 544 | 094 | 296 | 5.62

201 094 | 295 | 542 | 0.94 | 297 | 5.62




Coverage rate at nominal level 90%.

Unconditional Conditional

Cob k=1 k=2|k=3|k=1k=2 k=3

6 91 37 95 91 38 90

3 39 36 93 35 36 30

9 30 85 02 31 34 90

10 67 82 02 70 32 92

12 35 78 02 40 78 02

20 0 48 78 0 47 75




Missing Data A = 1:

Average of 100 *x 1.645xempirical s.d.

Ch Unconditional Conditional
k=1|k=2k=3|k=1|k=2|k=3
6 | 2.82 | 10.2 | 2698 | 2.73 | 9.02 | 22.71
8 | 281 | 10.1 | 27.46 | 2.71 | 8.80 | 22.14
9 | 2.81 | 10.10 | 26.86 | 2.71 | 8.74 | 21.95
10| 2.80 | 9.98 | 256,58 | 2.69 | 8.73 | 22.09
12 | 3.43 | 1058 | 26,5 | 2.67 | 8.62 | 215
20 | 2.74 | 955 | 2431 | 26 8.28 | 20.3




Coverage rate at nominal level 90%.

Ch Unconditional Conditional
k=1|k=2k=3|k=1|k=2|k=3

6 92 87 86 92 90 86
8 90 88 84 90 91 87
9 83 88 86 82 89 87
10| 80 88 86 79 89 85
12| 69 85 90 70 88 88
20 3 72 81 2 67 80




Missing Data A = 0:

Average of 100 x 1.645xempirical s.d .

Ch Unconditional Conditional

k=1|k=2 k=3 |k=1|k=2|k=3

6 | 2.86 | 10.66 | 30.97 | 2.88 | 10.22 | 28.7
8 | 2.86 | 10.61 | 30.36 | 2.87 10 27.46
9 | 2.87 | 10.65 | 30.96 | 2.88 | 10.08 | 27.68
10 | 2.87 | 10.72 | 31.47 | 29 | 10.35 | 28.9

12 | 2.87 | 10.64 | 30.18 | 2.92 | 10.91 | 31.69

20 | 2.89 | 10.7 | 29.18 | 2.97 | 11.34 | 32.56




Coverage rate at nominal level 90%.

Ch Unconditional Conditional

k=1\k=2|k=3|k=1|k=2|k=3

6 02 34 36 36 91 33
3 85 85 87 30 37 36
9 85 33 87 37 39 34
10 30 33 87 76 38 32

12 63 32 85 62 38 33

20 2 (&4 31l 1 (7 34




1 F3 (é\) = 1F> (5) + [F33 (5)
IF33(0) =[n(n—1)(n—-2)]"" > h3(0;0;,0s0)
i£]#s
hs (O;, 05, 0s; 0)

é() (Y — B(X,)) ZEix
{Aéés)zkszgs - I} X




Must choose k3 = k3 (n) such that

var {1F3(0)}

= cF

2 >
_25]’5 —2Bb

n26§5+dn2ﬁg‘+d, k—2(5§+@

{b(X3) = b(X)} {p (X3) — B(Xi)} x

{7 (X)) = F X))+ (X)) — 5 (X))

The advantage of [ F3 (5) is that if 1F5 (5) has estima-
tion bias dominate truncation bias

then 1 F3 (5) with smaller EB



can improve rate of convergence.

For example when (Bg‘ —I—B;) /d > 1/2 and B;? > By
sz3 amy be effcicient but Yo not.

As B;Z — 0, m — oo for % to be efficient (practical

sample size problems)



Mapping from smoothness assumptions to optimal CI?

What smoothness or other size controlling assumptions.



AN AN

IF (0) = IFp_1(0) + IFm (0)

R 1
IF 0) = (-1)" X
m’m(> (=1) nx..x(n—-—m+1)

2. 2

T17 FTm—217] 7

A'rl 1
= Yr, —b(X X Z
ﬁ(Xrl) ( r1 ( Tl)) krq
m—1
Ary, — T }
N T/ I} x
L {A(er) e




Must choose ky, = km (n) such that
var {IFm <§>}

o (5™

1 m—1
—25% —28% " —28% 26}

S 4B%+d  25%14 % 28%1d ; —2(8
b% 7n45p+d n25p+dn26b+d’k 2(8

EB .
{b(X3) = b(X3) } p (X5) — 5 (X))} x 1
{r (X)) - FXa)+{p(x) - b)Y

Given a sufficiently smooth p — dimensional parametric
submodel 8 (¢) mapping ¢ € AP injectively into ©, define

Wirein O = (000) 0 Ol Zgage

= ck

and

Puinim (0:6) = (F20) ;o (g



where each 15 € {1, ---,p}

F(0;0) = ﬁ 1 (0i: 0)
1=1



Canonical (Hoeffding) Representation of Order 1 and 2
Mean 0 U-stat-

Uy (6) = > u1(0;), Eug (0;)] =0:
i#]

u (-, +) not necc sym

Us (8) = gu (05,05), E [u(0;,05)] =0:
i#]

u(-,+) not necc sym

Uz (6) = Zd(oz,e) + > m(0;,05),
i)
Ey [d (0, 0)] —J 0,
E [m (Oi,Oj) |OZ} — B [m (Oi,Oj) |0j] _
m (-,+) not necc sym

d(OZ,H) and m (O;, O, ) uncorr
J
7]



Canonical Representation of Order 3 Mean 0 U-stat-

Us(0) =U2(0)+ Y. t(0;,0;0x)
i#j#X
E [t (oz-,oj,oX) |0i,oj] — B [t (oi,oj,ox) |oz-,oX]
= E[t(05,05,0x)10;,0x]| =0,
t(-,-,-) not necc sym
> m (Oi, Oj, OX) and Us (6) uncorr
i#j#X



Formula for higher order scores associated with 6 (<)
Siv.im (0) = [1iy. i, (0:0) /[ (O 0)
n
£(0:0) =[] £ (0 0)
1=1

of order m in terms of the subject specific scores (Wa-
terman and Lindsay (1996)

Siveim,j (0) = Friy. i, (Oj; 9) /1 <Oj; 9) i=1..n
(Waterman and Lindsay (1996) .

=2 Siyg
J

21%2 ZS@1@2]+ Z 11,] Zz,X
X#]

Silzz,] (0) = Zl,j (0) Szz,] (0) + aSzl,] (0 (<)) /a§i2|§(g):9



) 7..7
.S/il’ x
) .]
' 227
.S’i/3’
. 7]
N Z. . ,j j
| ) ) S/L3,
E S'l’ x t
.



Definition of a kth order influence function: A U-
statistic Uz, (0) = uy, (O;0) of order k, dimension and
finite variance is said to be an kth order influence function

for ¢ (0) if (i)
Eg[U,L(0)] =0,0 € ©
(i) for m =1,2,...,k, and every 0 (s), p=1,2, ..

Wiy im (0) = Eg |Ug (0) Siy...iyy (0)]

p = k sufficient. We say that 1 (0) is kth order pathwise
differntiable



Theorem: If the model is nonparametric .then there

Is at most one mth order estimation influence function
IF25t (), the efficient mth order IF.

Lemma: [ESS(0) = IFSSt, (0) + IFES, (),

TEG (0) = Yqiy gt #imiix€{1,2,...m}, X €=1,...,m} dm (Oz’p

where dpm, (Oil, Oiyy -y Oz-m) Is canonical

Var _IFﬁft (0) increases with m

Var|IFgst (0)| /Var [ TFgt (0)] =1+ 0(1)



The following Extended Information Theorem is closely
related to result in McLeish and Small (1994).

Theorem: Given Uy, (0), for all 6 () for s < k

O°Ey [Uy (6 (<))] /0siy... 0%,
= —Fy [Uk (0) Siy..is (9)}
= —th\j;..i, (0)

B (U (9)] = = [ (9) — v (0)] +Op (|(a_ 9(1“1)

AN

since as functions of 6, the functions Ey [Uk («9)] and

_ W (5) — ) (6)] have the same Taylor expansion around
6 up to order k



m = (0) + 1Fm (0)

where 0 is an initial estimator of 0.from a separate sample
(no Donsker like needed).

But, by extended info equality

By [TFn (8)] = = [0 (0) — v @)]+0u (|o - o)

so (conditional ) bias of ¥, is

{9 (0) + By [1Fn ()] — v (0)} = op<H9 9Hm+1> L

AN

Var[wm } increases with m



AN

IFm( ) and Py = (5) + IF, (9) are AN given 0

often normal.

Shortest conservative uniform asymptotic confidence in-

tervals based on

&mconf + var []chonf ( ) ’9]1/2

where k.., ¢ is the smallest k with var [Uy (6)] higher
order (or equal if constants dealt with) than the squared
bias.



Example: Problem: If I1F7 (0) depends on 6 through a

nonparametric p (6) where p (6) infinte dimensional

I Fiy, (0) does not exist for m > 2

Example:

15 (0) = n 7Y s (=B )+ (%)~ (9

Use sieves ie k = k (n) dimensional submodels for b (X)),
p(X;). Then I Fy, exists for all m.

Bur then truncation bias

TBy, = E [{b(X;) = b, (X3) } {p (X3) — Pr (X0)} /Pr; (X3))

i i ) ~ m-+1
added to estimation bias H@ — GH

where b, (X;) is the limit of the model



Specifically b (X) = b* (Z,”{Bk) p(X) = p* (Z;{ak)

where Z;. a basis in A% as k — oo



